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TOPOLOGIZATIONS OF A SET ENDOWED WITH AN ACTION OF A MONOID
TARAS BANAKH, IGOR PROTASOV, OLGA SIPACHEVA
Dedicated to Mitrofan Choban and Stoyan Nedev on the occasion of their 70th birthdays
Abstract. Given a set X and a family G of self-maps of X, we study the problem of the existence of a non-
discrete Hausdorff topology on X with respect to which all functions f ∈ G are continuous. A topology on X
with this property is called a G-topology. The answer is given in terms of the Zariski G-topology ζG on X, that
is, the topology generated by the subbase consisting of the sets {x ∈ X : f(x) 6= g(x)} and {x ∈ X : f(x) 6= c},
where f, g ∈ G and c ∈ X. We prove that, for a countable monoid G ⊂ XX , X admits a non-discrete
Hausdorff G-topology if and only if the Zariski G-topology ζG is non-discrete; moreover, in this case, X admits
2c hereditarily normal G-topologies.
1. Principal Problems
In this paper we consider the following general problem.
Problem 1.1. Given a set X and a family G of self-maps of X, determine whether X admits a non-discrete
Hausdorff (or normal) topology with respect to which all functions g ∈ G are continuous.
Since the composition of continuous functions is continuous, we can assume without loss of generality that
the family G is a subsemigroup in the semigroup XX of all functions X → X endowed with the operation of
composition. Also, we can assume that G contains the identity function idX of X and, hence, is a submonoid
of XX . Thus, it is natural to consider Problem 1.1 in the context of actions of monoids.
Let G be a monoid with two-sided unit 1G. A left unitary action, of a monoid G on a set X is a function
α : G×X → X , α : (g, x) 7→ g(x), with the following two properties:
• f(g(x)) = (fg)(x) for all f, g ∈ G and x ∈ X and
• 1G(x) = x for all x ∈ X .
A set X endowed with an action of a monoid G is called a (left unitary) G-act, or an act over G (this is a
standard term of semigroup theory; see, e.g., [15]). A topology τ on a G-act X is called a G-topology if, for every
g ∈ G, the shift g : X → X , g : x 7→ g(x), is continuous. A G-act X is said to be (normally) G-topologizable
if X admits a non-discrete (normal) Hausdorff G-topology. A topology τ on a set X is called normal if the
topological space (X, τ) is normal, that is, X is a T1-space such that any two disjoint closed subsets in X have
disjoint open neighborhoods. A topology τ on a set X is hereditarily normal if each subspace of the topological
space (X, τ) is normal.
In this terminology, Problem 1.1 can be rewritten as follows.
Problem 1.2. Find necessary and sufficient conditions for the (normal) G-topologizability of a given G-act X.
For acts over a group G, this problem was considered in [4].
Problem 1.2 is motivated by Markov’s celebrated problem on the existence of a non-discrete Hausdorff
group topology on an arbitrary infinite group [19], which is closely related to the problem of whether any
unconditionally closed subset of a group G (i.e., a set closed in any Hausdorff group topology on G) is algebraic
(i.e., is an intersection of finite unions of solution sets of equations in G), which was also posed by Markov
in [19]. By the definition of a group topology, any algebraic set must be unconditionally closed; on the other
hand, a group admits a non-discrete Hausdorff group topology if and only if the complement to the identity
(or any other) element in this group is not unconditionally closed. In [20] (see also [18]), Markov proved the
coincidence of unconditionally closed sets with algebraic sets for countable groups; a general (negative) answer
was given only in 1979 by Hesse [12], who constructed an example of an uncountable non-topologizable group
in which the complement to the identity element is not algebraic. The first countable non-topologizable group
was given in 1980 by Ol’shanskii [21]; other examples were constructed in [17] and [16]. In contrast to these
negative results, Zelenyuk [27] proved that each infinite group G admits a non-discrete regular topology with
continuous shifts and continuous inversion.
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The family of algebraic subsets of a group G coincides with the family of closed subsets of a T1 topology ζG
on G, called the Zariski topology. Markov did not explicitly introduce this topology, although he implicitly con-
sidered it in the form of algebraic closures of sets [20, 19]. The Zariski topology was explicitly introduced only in
1977 by Bryant [5] under the name verbal topology; the term was introduced by Dikranjan and Shakhmatov [6].
This topology was studied in, e.g., [5, 25, 8, 10, 11].
The family of unconditionally closed subsets of G coincides with the family of closed subsets in another
T1 topology on G, namely, the infimum of all Hausdorff group topologies on G. This topology was explicitly
introduced in [7] under the name Markov topology.
Thus, Markov’s theorem on the coincidence of algebraic and unconditionally closed sets in countable groups
asserts that, in such groups, the Zariski topology coincides with the Markov topology, or, in other words, that
a countable group admits a non-discrete Hausdorff topology if and only if the Zariski topology of this group is
non-discrete. In this paper, we obtain a similar result for G-acts (see Theorem 5.5); namely, we prove that an
act over a countable monoid G is G-topologizable if and only if the Zariski G-topology on X , which is defined
and studied in Section 2, is non-discrete. We also show that, in this case, X admits a non-discrete metrizable
G-topology and 2c non-discrete hereditarily normal G-topologies. This fact can be compared with a result of
Dikranjan and Protasov [9] saying that each topologizable countable group G admits 2c (pairwise transversal)
topologies.
The paper is organized as follows. In Section 2, we introduce the Zariski topology on an S-act over a monoid
S and consider particular cases of S-acts G, where G is a semigroup or a group and S is a submonoid of GG. The
technical Section 3 describes properties of maximal G-topologies on G-acts in which the so-called discriminate
filters (defined in the same section) converge. Section 4 contains conditions for the existence of discriminate
filters on G-acts, given in terms of the Zariski topology ζG. The last section contains the proofs of the main
results on the topologizability of G-acts.
2. The Zariski G-topology on a G-act
In this section we define the Zariski G-topology on a G-act X and study this topology for particular examples
of G-acts.
Definition 2.1. For an act X over a monoid G, the Zariski G-topology ζG on X is the topology generated by
the subbase ζ˜G consisting of the sets {x ∈ X : f(x) 6= g(x)} and {x ∈ X : f(x) 6= c}, where f, g ∈ G and c ∈ X .
The following easy fact follows directly from the definition.
Proposition 2.2. For any G-act X, the Zariski G-topology ζG satisfies the separation axiom T1 and is contained
in any Hausdorff G-topology on X.
An immediate corollary of this observation is that ζG is always non-discrete for a G-topologizable G-act. In
the case of countable G-acts, the non-discreteness of ζG turns out to be sufficient for G-topologizability (see
Theorem 5.5).
The subbase ζ˜G of the Zariski G-topology ζG has a natural cardinal invariant ψ(x, ζ˜G), called the pseudochar-
acter of ζ˜G at a point x ∈ X . In fact, ψ(x,F) can be defined for any family F of subsets of X . Given a point
x ∈ X , we set
Fx = {X} ∪ {F ∈ F : x ∈ F}
and define the pseudocharacter of F at x as
ψ(x,F) = min{|U| : U ⊂ Fx and
⋂
U =
⋂
Fx}.
If τ is the topology on X generated by a subbase F , then τx is the family of all open neighborhoods of x,
and ψ(x, τ) is the usual pseudocharacter of the topological space (X, τ) at the point x. It is easy to see that
ψ(x, τ) = ψ(x,F) for any non-isolated point x in (X, τ). If x is isolated in (X, τ), then ψ(x, τ) = 1, while
1 ≤ ψ(x,F) < ℵ0, so the pseudocharacter ψ(x, ζ˜G) carries more information than ψ(x, ζG) for an isolated point
x in (X, ζG). If x is non-isolated, then ψ(x, ζ˜G) = ψ(x, ζG).
In the algebraic language, the pseudocharacter ψ(x, ζ˜G) equals the least number of inequalities of the form
f(x) 6= g(x) or f(x) 6= c, where f, g ∈ G and c ∈ X ,
in a system of inequalities whose unique solution is x. Note that the pseudocharacter of the Zariski topology
is tightly related to the notion of being ungebunden, which was introduced for general algebraic systems by
Podewski [23] and corrected and generalized by Hesse [12]. Namely, an algebraic system is said to be κ-
ungebunden if the pseudocharacter of the naturally defined Zariski topology on this system is at least κ at
each point. Podewski proved that any |G|-ungebunden algebraic system G admits 22
|G|
Hausdorff topologies
consistent with the algebraic structure, and Hesse investigated κ-ungebunden systems and constructed examples
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showing that Podewski’s sufficient topologizability condition cannot be weakened in the sense that, for any
cardinals κ and λ such that cf(λ) > κ = cf(κ) ≥ ℵ0, there exists a group G with |G| = λ which is κ-ungebunden
(that is, ψ(ζG) = κ) and admits no Hausdorff group (and even semigroup) topologies.
Now, let us consider the Zariski G-topology for some particular G-acts.
Example 2.3. Let X be an infinite set endowed with the natural action of the group G of all bijective functions
f : X → X that have finite support
supp(f) = {x ∈ X : f(x) 6= x}.
It is easy to see that ψ(x, ζG) = 1 and ψ(x, ζ˜G) = 2 for any point x ∈ X . Consequently, the Zariski G-topology
ζG on X is discrete, and the G-act X is not G-topologizable.
Each semigroup G can be considered as an S-act for many natural actions of various submonoids S of the
monoid GG. We define five such natural submonoids of GG:
• Gl is the smallest submonoid of GG containing all left shifts la : x 7→ ax of G for a ∈ G;
• Gr is the smallest submonoid of GG containing all right shifts ra : x 7→ xa of G for a ∈ G;
• Gs is the smallest submonoid of GG containing all two-sided shifts sa,b : x 7→ axb of G for a, b ∈ G;
• Gm, where m ∈ N, is the smallest submonoid of GG containing Gs and the mth power map x 7→ xm;
• G+p is the smallest submonoid of G
G containing Gs and such that the product f · g : x 7→ f(x) · g(x) of
any two functions f, g ∈ G+p belongs to G
+
p .
Clearly,
Gl ∪Gr ⊂ Gs ⊂ Gm ⊂ G
+
p ,
and hence
ζGl ∪ ζGr ⊂ ζGs ⊂ ζGm ⊂ ζG+p .
For a group G, we augment the above list of submonoids of GG by some other submonoids:
• Gq is the subgroup of GG containing all bijections of the form f : x 7→ axεb, where a, b ∈ G and
ε ∈ {1,−1};
• Gm, where m ∈ Z, is the smallest submonoid of GG containing Gs and the mth power map x 7→ xm;
• G[s] is the smallest submonoid of G
G containing the subgroup Gs and the maps γa : G → G,
γa : x 7→ xax−1, for all a ∈ G;
• G[q] is the smallest submonoid of G
G containing the subgroup Gq and the maps γa : G → G,
γa : x 7→ xax−1, for all a ∈ G;
• Gp is the smallest submonoid containing the subgroupGq and such that the product f ·g : x 7→ f(x)·g(x)
of any two functions f, g ∈ Gp belongs to Gp.
We refer to functions from the family Gp as polynomials on the group G.
Gl- and Gr-topologies on a group G are known as left- and right-invariant topologies; a group G endowed
with a Gl-topology (Gr-topology, Gs-topology, Gq-topology) is said to be left-topological (respectively, right-
topological, semi-topological, quasi-topological). Following [3], we refer to a groupG endowed with aG[s]-topology
(G[q]-topology) as a [semi ]-topological (respectively, [quasi ]-topological) group.
Now, consider the structure of the Zariski S-topologies on a group G for S ∈ {Gl, Gr, Gs, G[s], Gq, G[q], G
+
p ,
Gp} ∪ {Gm : m ∈ Z}. It should be mentioned that G0 = G1 = Gs and G−1 = Gq.
By the cofinite topology on a set X we understand the topology
τ1 = {∅} ∪ {X \ F : F is a finite subset of X}.
The following assertion follows easily from the definitions.
Remark 2.4. For any group G, the Zariski topologies ζGl and ζGr on G coincide with the cofinite topology on
G. If G is infinite, then the topologies ζGl and ζGr are not Hausdorff.
Remark 2.5. For any infinite group G, the Zariski topologies ζGs and ζGq are not discrete. This follows from a
deep result of Zelenyuk [26, 27], who proved that each infinite group G admits a non-discrete Hausdorff topology
with continuous two-sided shifts and continuous inversion.
Remark 2.6. For a group G endowed with the natural action of the monoid Gp of all polynomial functions
on G, the Zariski Gp-topology ζGp coincides with the usual Zariski topology ZG on the group G. In particular,
for countable non-topologizable groups, the Zariski Gp-topology ζGp is discrete, while for Hesse’s example of an
uncountable non-topologizable group G mentioned above (in which the complement to the identity element is
not algebraic), the Zariski topology ζGp is non-discrete.
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Thus, for infinite groups G, the Zariski Gq-topology ζGq is always non-discrete, while the topology ζGp may
be discrete (e.g., for countable non-topologizable groups).
If a group G is Abelian, then the Zariski topology ζGs on G coincides with the topologies ζGl and ζGr and is
therefore cofinite. However, for non-Abelian groups G, the topology ζGs may have rather unexpected properties.
Example 2.7 (Dikranjan–Toller). Let H be a finite discrete topological group with trivial center (for example,
let H = Σ3 be the group of bijections of a 3-element set). For any cardinal κ, the Zariski topologies ζGs and ζGp
on the group G = Hκ coincide with the Tychonoff product topology τ on G = Hκ; hence these topologies are
compact and Hausdorff and have pseudocharacter ψ(x, τ) = κ < 2κ = |Gs| = |Gp| = |G| at each point x ∈ G.
Proof. Observe that the Tychonoff product topology τ on G = Hκ turns the group G into a compact topological
group. Thus, each polynomial map on G is continuous, and each set U ∈ ζ˜Gp is open in G with this topology.
Consequently, ζGs ⊂ ζGp ⊂ τ . The Tychonoff product topology τ is generated by the subbase consisting of the
sets
Uα,h = {x ∈ G : prα(x) = h},
where α ∈ κ, h ∈ H , and prα : H
κ → H denotes the αth coordinate projection. To prove that ζGs = ζGp = τ ,
it suffices to check that each set Uα,h belongs to the topology ζGs .
Consider the embedding iα : H → Hκ which takes each x ∈ H to the point iα(x) ∈ Hκ such that prα◦iα(x) =
x and prβ ◦ iα(x) = 1H for all β 6= α.
Given a point h ∈ H , consider the finite set Ah = {(a, b) ∈ H × H : ah 6= hb} and observe that {h} =⋂
(a,b)∈Ah
{x ∈ H : x−1ax 6= b}. Indeed, it follows from the triviality of the center of H that, for any x ∈ H \{h},
there is an element a ∈ H such that (xh−1)a 6= a(xh−1) and, therefore, h−1ah 6= x−1ax. For b = x−1ax, we
have h−1ah 6= b, whence (a, b) ∈ Ah.
For each pair (a, b) ∈ Ah, consider the left and right shifts la : x 7→ iα(a) · x and rb : x 7→ x · iα(b) of the
group G = Hκ. These shifts generate the subbase set
Ua,b = {x ∈ G : iα(a) · x 6= x · iα(b)} = {x ∈ G : la(x) 6= rb(x)} ∈ ζ˜Gs .
It remains to note that
pr−1α (h) =
⋂
(a,b)∈Ah
Ua,b ∈ ζGs ;
therefore, τ = ζGp = ζGs . The equality ζGs = ζGp implies ζGs = ζG[s] = ζGq = ζG[q] = ζG+p = ζGp . 
Next, we consider the Zariski topologies on permutation groups.
Remark 2.8. Given a set X of cardinality |X | ≥ 3, let S(X) be the group of all bijective transformations of
X , and let Sω(X) be the normal subgroup of S(X) consisting of all bijective transformations f : X → X with
finite support supp(f) = {x ∈ X : f(x) 6= x}. According to [3], for any group G with Sω(X) ⊂ G ⊂ S(X)
and any monoid S ∈ {G[s], G[q], Gp}, the Zariski S-topology ζS on G coincides with the topology of pointwise
convergence Tp and therefore is completely regular. If X is infinite, then the Zariski topologies ζGs and ζG[s]
are distinct, as shown in (the proof of) Lemma 2.9 in [3].
Remark 2.9. According to [3, 6.3], for any set X , the topology ζGs on the permutation group G = Sω(X) is
σ-discrete (i.e., G can be represented as a countable union of discrete subspaces of (G, ζG) ). Consequently, for
any submonoid S ⊂ GG containing Gs, the S-topology ζS on G = Sω(X) is σ-discrete. Permutation groups
Sω(X) belong to the class of perfectly supportable semigroups, introduced in [2]. According to [2, 3.5], for each
perfectly supportable semigroup G, the topological space (G, ζGs) is σ-discrete.
By Zelenyuk’s result [27], mentioned in Remark 2.5, for every infinite group G the Zariski topologies ζG0 =
ζG1 = ζGs and ζG−1 = ζGq are not discrete. On the other hand, we have:
Proposition 2.10. For any non-zero number m ∈ Z \ {−2n, 2n : n ∈ ω} there is a countable infinite group G
with discrete Zariski topology ζGm .
Proof. By assumption, the number m has a prime divisor p ≥ 3. Let us write m as m = l · pα, where α is
a positive integer and l is an integer not divisible by p, and choose a positive integer β such that pαβ ≥ 665.
According to [21] and [22], there is a countable infinite groupG containing a cyclic subgroup C of order |C| = pαβ
such that
G \ {1G} = (C \ {1G}) ∪
⋃
c∈C\{1G}
{x ∈ G : xp
αβ
= c}.
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Since lβ is coprime to pαβ , it follows that, given any element c ∈ C, we have c 6= 1G if and only if cl
β
6= 1G.
This implies
G \ {1G} = (C \ {1G}) ∪
⋃
c∈C\{1G}
{x ∈ G : (xp
αβ
)l
β
= c}.
The continuity of the map x 7→ xm (with respect to the topology ζGm) implies the continuity of the map
f : G → G, f : x 7→ xm
β
= xp
αβ lβ . Therefore, the set G \ {1G} = (C \ {1G}) ∪ f−1(C \ {1G}) is closed in the
topology ζGm , and its complement {1G} is open, which implies the discreteness of the topology ζGm . 
Thus, for every infinite group G, the Zariski topologies ζGm , m ∈ {−1, 0, 1}, are not discrete, while for any
odd m /∈ {−1, 1}, there is an infinite group G with discrete Zariski topology ζGm .
Problem 2.11. Does there exist an infinite group G with discrete Zariski topology ζG2? Equivalently, is there
an infinite group G admitting no non-discrete shift-invariant Hausdorff topology with continuous map x 7→ x2?
By the result of Zelenyuk mentioned in Remark 2.5, each infinite group G is Gs-topologizable. The following
simple example shows that this result cannot be generalized to semigroups.
Example 2.12. For the monoid G = (N,min), the Zariski topology ζGs (which coincides with ζGl and ζGr ) is
discrete. Indeed, for each n ∈ N, the singleton {n} belongs to the topology ζGs , because
{n} = {x ∈ N : min{x, n} 6= n} ∩
⋂
k<n
{x ∈ N : x 6= k}.
This implies that the monoid G = (N,min) is not Gs-topologizable.
Example 2.13. For the monoid G = (N,max), the Zariski topology ζGs (which coincides with ζGl and ζGr ) is
discrete. Indeed, for each n ∈ N, the singleton {n} belongs to the topology ζGs , because
{n} = {x ∈ N : max{x, n} 6= x} ∩
⋂
k<n
{x ∈ N : x 6= k}.
This implies that the monoid G = (N,max) is not Gs-topologizable.
3. G-topologies on G-acts generated by discriminate filters
In this section we describe and study G-topologies on G-acts generated by filters of a special form.
A filter on a set X is a family ϕ of subsets of X such that
• ∅ /∈ ϕ;
• A ∩B ∈ ϕ for any sets A,B ∈ ϕ;
• A ∪B ∈ ϕ for any sets A ∈ ϕ and B ⊂ X .
By the pseudocharacter ψ(ϕ) of a filter ϕ we understand the smallest cardinality |F| of a subfamily F ⊂ ϕ
such that
⋂
F =
⋂
ϕ. The character χ(ϕ) of a filter ϕ equals the smallest cardinality of a subfamily F ⊂ ϕ
such that each set Φ ∈ ϕ contains some set F ∈ F . Note that the character χ(x, τ) of a topological space (X, τ)
at a point x can be defined as the character χ(τx) of the neighborhood filter τx = {U ∈ τ : x ∈ U}.
Given a filter ϕ on X , consider the family
ϕ+ = {E ⊂ X : ∀F ∈ ϕ F ∩E 6= ∅}
equal to the union of all filters on X that contain ϕ. It is easy to check that, for each A ⊂ X with A /∈ ϕ, we
have X \A ∈ ϕ+.
A filter ϕ on a topological space X is said to converge to a point x0 if each neighborhood U ⊂ X of x0 belongs
to ϕ.
Now, suppose that G is a monoid, X is a G-act, and ϕ is a filter on X such that
⋂
ϕ = {x0} for some point
x0. Then we can consider the largest G-topology τϕ on X in which the filter ϕ converges to x0. This topology
admits the following simple description.
Proposition 3.1. The topology τϕ consists of all sets U ⊂ X such that, for any g ∈ G with x0 ∈ g−1(U), the
preimage g−1(U) belongs to the filter ϕ.
Our strategy is to find some class of filters ϕ on X which generate G-topologies τϕ on X .
Definition 3.2. Let κ be a cardinal. We say that an injective transfinite sequence (xα)α<κ of points of a G-act
X is discriminate if there is a (not necessarily bijective) enumeration G = {gα}α<κ of the monoid G such that,
for all ordinals α < κ and β, γ, δ < α, the following conditions hold:
(1) if gβ(x0) 6= gγ(x0), then gβ(xα) 6= gγ(xα);
(2) if gβ(x0) 6= gγ(xδ), then gβ(xα) 6= gγ(xδ).
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Definition 3.3. A filter ϕ on a G-act X is said to be discriminate if there is a cardinal κ and a discriminate
sequence (xα)α<κ in X such that
⋂
ϕ = {x0} and {x0} ∪ {xβ : β > α} ∈ ϕ for all ordinals α < κ. In this case,
the set X0 = {xα}α<κ is called the discriminate support of ϕ.
For a discriminate filter ϕ on a G-act X , the G-topology τϕ has many nice properties.
Theorem 3.4. For any discriminate filter ϕ on a G-act X with discriminate support X0 and intersection⋂
ϕ = {x0}, the G-topology τϕ has the following properties:
(1) the topological space (X, τϕ) is hereditarily normal;
(2) for any F ∈ ϕ, the set G(F ) = {g(x) : g ∈ G, x ∈ F} is open and closed in (X, τϕ) and X \ G(F ) is
discrete in (X, τϕ);
(3) {F ∩X0 : F ∈ ϕ} = {U ∩X0 : x0 ∈ U ∈ τϕ};
(4) ψ(x0, τϕ) = ψ(ϕ) and χ(x0, τϕ) ≥ χ(ϕ).
Proof. By definition, the discriminate support X0 of ϕ admits an enumeration X0 = {xα}α<κ such that condi-
tions (1) and (2) in Definition 3.2 hold for some enumeration G = {gα}α<κ of the monoid G. If κ is finite, then
ϕ consists of all subsets of X containing x0, so that the topology τϕ is discrete and, therefore, automatically
possesses the required properties. Thus, hereafter, we assume κ to be infinite.
For every ordinal α < κ, consider the set X>α = {xβ : α < β < κ} and observe that {x0} ∪ X>α ∈ ϕ (by
Definition 3.3). Now, we shall prove the required properties of the G-topology τϕ as separate claims.
Claim 3.5. The topology τϕ satisfies the separation axiom T1.
Proof. Given any point x ∈ X , we must show that X \ {x} ∈ τϕ. Since the discriminate filter ϕ contains all
sets {x0} ∪ X>α for α ∈ κ, it suffices, given any map g ∈ G with g(x0) ∈ X \ {x}, to find α < κ such that
g(X>α) ⊂ X \ {x}. If x /∈ G(X0), then g(X>0) ⊂ G(X0) ⊂ X \ {x}, and we are done.
Suppose that x ∈ G(X0). Let us find ordinals γ, δ < κ such that x = gγ(xδ) and, in addition, an ordinal
β < κ for which gβ = g. Since gβ(x0) = g(x0) 6= x = gγ(xδ), it follows from condition (2) in Definition 3.2 that
g(xα) = gβ(xα) 6= gγ(xδ) = x for all α > max{β, γ, δ}. Consequently, for the ordinal α = max{β, γ, δ}, we have
the required inclusion g(X>α) ⊂ X \ {x}. 
Claim 3.6. The topology τϕ is hereditarily normal.
Proof. To prove the hereditary normality of the topology τϕ, take any subspace Y of the topological space
(X, τϕ) and choose two closed disjoint sets A,B in Y . Let A0 = A¯ \ B¯ and B0 = B¯ \ A¯, where A¯, B¯ are the
closures of the sets A,B in (X, τϕ). The equalities A = A¯∩ Y and B = B¯ ∩ Y imply that A ⊂ A0 and B ⊂ B0.
Consider the sequences of sets (An)n∈ω and (Bn)n∈ω defined by recursion as
An+1 = An ∪ {gα(xγ) : α < γ < κ, gα(x0) ∈ An, gα(xγ) /∈ Bn ∪ B¯}
and
Bn+1 = Bn ∪ {gβ(xδ) : β < δ < κ, gβ(x0) ∈ Bn, gβ(xδ) /∈ An ∪ A¯}.
We claim that the sets Aω =
⋃
n∈ω An and Bω =
⋃
n∈ω Bn are open disjoint neighborhoods of A0 and B0 in
(X, τϕ). First, we check that these sets are disjoint. Assuming the opposite, we can find numbers n,m ∈ ω such
that An+1∩Bm+1 6= ∅ but An∩Bm+1 = ∅ = An+1∩Bm. Choose any point c ∈ An+1∩Bm+1. By the definition
of the sets An+1 and Bm+1, the point c is of the form gα(xγ) = c = gβ(xδ) for some ordinals α < γ < κ and
β < δ < κ such that gα(x0) ∈ An and gβ(x0) ∈ Bm. It follows from An ∩ Bm = ∅ that gα(x0) 6= gβ(x0).
Condition (1) in Definition 3.2 guarantees that γ 6= δ. Without loss of generality, we can assume that δ > γ.
Since gβ(x0) 6= gα(xγ), it follows from condition (2) in Definition 3.2 that gβ(xδ) 6= gα(xγ); this contradiction
shows that Aω ∩Bω = ∅.
Now, let us show that the set Aω is open in (X, τϕ). Given an ordinal α < κ for which gα(x0) ∈ Aω , we
must find a set F ∈ ϕ such that gα(F ) ⊂ Aω. Let n ∈ ω be the smallest number for which gα(x0) ∈ An. We
claim that the set F = {x0} ∪ {x ∈ X>α : gα(x) /∈ Bn ∪ B¯} belongs to the filter ϕ. Assuming that F /∈ ϕ, we
conclude that the set X>α \ F belongs to the family ϕ+, and the set Ek = {x ∈ X>α : gα(x) ∈ Bk ∪ B¯} with
k = n belongs to ϕ+ as well.
Let k ≤ n be the smallest number for which Ek ∈ ϕ+. We claim that k > 0. Indeed, since B¯ is a closed
subset in (X, τϕ), its complement X \ B¯ is an open neighborhood of the point gα(x0) ∈ An. By the definition
of the topology τϕ, there is a set F0 ∈ ϕ such that gα(F0) ⊂ X \ B¯. Since F0 intersects Ek and is disjoint with
E0 = {x ∈ X>α : gα(x) ∈ B¯}, we conclude that k > 0.
Since ϕ+ 6∋ Ek−1 ⊂ Ek ∈ ϕ
+, the set Ek \ Ek−1 is non-empty and, hence, contains some point xγ with
γ > α. It follows that gα(xγ) ∈ Bk \ Bk−1; therefore, gα(xγ) = gβ(xδ) for some ordinals β < δ < κ such that
gβ(x0) ∈ Bk−1.
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By condition (1) in Definition 3.2, δ 6= γ (because gα(xγ) = gβ(xδ) and gα(x0) 6= gβ(x0)). If δ > γ, then the
equality gα(xγ) = gβ(xδ) is excluded by condition (2) in Definition 3.2, since Bk−1 6∋ gα(xγ) 6= gβ(x0) ∈ Bk−1. If
γ > δ, then the equality gα(xγ) = gβ(xδ) is also excluded by (2), because An ∋ gα(x0) 6= gβ(xδ) = gα(xγ) ∈ Bk.
This contradiction shows that F ∈ ϕ and gα(F ) ⊂ An+1 ⊂ Aω , which means the openness of Aω.
Similarly, the set Bω is open in (X, τϕ). Thus, Aω ∩ Y and Bω ∩ Y are disjoint open neighborhoods of the
sets A = A0∩Y and B = B0∩Y in Y , which proves the normality of the topological T1-space Y and hereditary
normality of (X, τϕ). 
The definition of the topology τϕ implies that, for every F ∈ ϕ, the set G(F ) = {g(x) : g ∈ G, x ∈ F} is
open and closed in (X, τϕ) and X \G(F ) is discrete in (X, τϕ).
Claim 3.7. {F ∩X0 : F ∈ ϕ} = {U ∩X0 : x0 ∈ U ∈ τϕ} and, therefore, χ(ϕ) ≤ χ(x0, τϕ).
Proof. By the definition of the topology τϕ, we have {U ∈ τϕ : x0 ∈ U} ⊂ ϕ; hence {U ∩X0 : x0 ∈ U ∈ τϕ} ⊂
{F ∩X0 : F ∈ ϕ} = {F ∈ ϕ : F ⊂ X0}.
To prove the reverse inclusion, fix any subset F ∈ ϕ with F ⊂ X0 and consider the set U = F ∪ (X \X0).
We claim that U ∈ τϕ. To show this, given any ordinal α < κ for which gα(x0) ∈ U , we must find a set E ∈ ϕ
such that gα(E) ⊂ U . Take β < κ for which gβ = idX and consider the set
E = {x0} ∪ {xγ ∈ F : max{α, β} < γ < κ} ∈ ϕ.
We have gα(E) ⊂ U . Indeed, assuming the converse, we can find an ordinal γ > max{α, β} such that xγ ∈ F
and gα(xγ) ∈ X0 \ F , which implies gα(xγ) = xδ = idX(xδ) = gβ(xδ) for some ordinal δ < κ. Since xγ ∈ F and
xδ /∈ F , it follows that the ordinals γ and δ are distinct.
If γ < δ, then the inequality gβ(x0) = x0 6= xδ = gα(xγ) and condition (2) in Definition 3.2 imply gβ(xδ) 6=
gα(xγ), which is a contradiction.
If γ > δ, then the inequality gα(x0) 6= xδ = gβ(xδ) and condition (2) in Definition 3.2 imply gα(xγ) 6=
gβ(xδ) = xδ, which again leads to a contradiction. 
Claim 3.8. The topology τϕ has pseudocharacter ψ(x0, τϕ) = ψ(ϕ) at the point x0.
Proof. The inequality ψ(ϕ) ≤ ψ(x0, τϕ) follows from Claim 3.7. To show that ψ(x0, τϕ) ≤ ψ(ϕ), fix a family
F ⊂ ϕ such that |F| = ψ(ϕ) and
⋂
F = {x0}. For every F ∈ F , we take the open neighborhood UF ∈ τϕ of x0
being the union UF =
⋃
n∈ω U
F
n of the sequence of sets (U
F
n )n∈ω defined by the recursion as U
F
0 = {x0} and
UFn+1 = U
F
n ∪ {gα(xβ) : α < β < κ, xβ ∈ F, gα(x0) ∈ U
F
n } for every n ∈ ω.
The definition of the topology τϕ implies that U
F =
⋃
n∈ω U
F
n is an open neighborhood of x0 in X .
Let us show that
⋂
F∈F U
F = {x0}. Assume that, on the contrary, this intersection contains a point x distinct
from x0. For every F ∈ F , find the smallest number nF ∈ ω such that x ∈ UFnF . Since U
F
0 = {x0} 6= {x}, we
conclude that nF > 0; hence x /∈ UFnF−1. By the definition of the set U
F
nF
, there are ordinals αF < βF < κ such
that xβF ∈ F and x = gαF (xβF ) 6= gαF (x0) ∈ U
F
nF−1.
We claim that there are two sets F,E ∈ ϕ with βF 6= βE . Fix any set F ∈ F . Since xβF ∈ F and xβF /∈
{x0} =
⋂
F , there is a set E ∈ F such that xβF /∈ E. Then βF 6= βE . So, F,E ∈ ϕ are two sets with βF 6= βE .
We lose no generality assuming that βF < βE . Since βE > max{αE , βF , αF } and gαE (x0) 6= x = gαF (xβF ), the
condition (2) of Definition 3.2 guarantees that x = gαE (xβE ) 6= gαF (xβF ) = x, which is the desired contradiction
that proves the equality
⋂
F∈F U
F = {x0} and the upper bound ψ(x0, τϕ) ≤ ψ(ϕ). 

4. Zariski G-topology and the existence of discriminate filters
In light of Theorem 3.4, it is of interest to describe G-acts possessing discriminate sequences and discriminate
filters.
Proposition 4.1. Suppose that X is a G-act over a monoid G, x0 ∈ X, and κ is an infinite cardinal.
(1) If |G| ≤ κ ≤ ψ(x0, ζG), then the G-act X contains a discriminate sequence (xα)α<κ.
(2) If the G-act X contains a discriminate sequence (xα)α<κ, then |G| ≤ κ and cf(κ) ≤ ψ(x0, ζG).
Proof. 1. Suppose that |G| ≤ κ ≤ ψ(x0, ζG) and G = {gα : α < κ} is an enumeration of the monoid G such
that g0 = 1G. Let us construct an injective transfinite sequence (xα)α<κ of points of the set X such that, for
any α < κ and β, γ, δ < α,
(a) if gβ(x0) 6= gγ(x0), then gβ(xα) 6= gγ(xα);
(b) if gβ(x0) 6= gγ(xδ), then gβ(xα) 6= gγ(xδ).
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We construct this sequence by transfinite induction.
Assume that, for some ordinal α < κ, the points xβ with β < α have already been constructed. For any
ordinals β, γ, δ < α, consider the open neighborhoods
Uβ,γ = {x ∈ X : gβ(x0) 6= gγ(x0) ⇒ gβ(x) 6= gγ(x)}
and
Vβ,γ,δ = {x ∈ X : gβ(x0) 6= gγ(xδ) ⇒ gβ(x) 6= gγ(xδ)}
of x0 in the Zariski G-topology ζG. Since ψ(x0, ζG) ≥ κ, the intersection
⋂
β,γ,δ<αUβ,γ ∩ Vβ,γ,δ has cardinality
≥ κ and hence contains some point xα ∈ X \ {xβ : β < α}. Clearly, this point xα satisfies conditions (a) and
(b).
2. Now, suppose that X contains a discriminate sequence X0 = {xα}α<κ for some infinite cardinal κ. Let
G = {gα}α<κ be an enumeration of the monoid G such that conditions (1) and (2) in Definition 3.2 are satisfied.
Then |G| ≤ κ.
Let us prove that ψ(x0, ζG) ≥ cf(κ). Assume that, on the contrary, there exists a family U ⊂ ζ˜G such that⋂
U = {x0} and |U| < cf(κ). For each set U ∈ U ⊂ ζ˜G, choose ordinals αU , βU < κ and a point cU ∈ X
so that U is equal to either {x ∈ X : gαU (x) 6= gβU (x)} or {x ∈ X : gαU (x) 6= cU}. If cU ∈ G(X0), then
we also choose ordinals γU , δU < κ such that cU = gγU (xδU ); otherwise, we set γU = δU = 0. Since the set
AU = {αU , βU , γU , δU : U ∈ U} has cardinality < cf(κ), there is an ordinal α < κ for which α > supAU . We
claim that xα ∈
⋂
U . Indeed, take any set U ∈ U . If U = {x ∈ X : gαU (x) 6= gβU (x)}, then, by condition (1)
in Definition 3.2, we have xα ∈ U , because x0 ∈ U . If U = {x ∈ X : gαU (x) 6= cU} and cU ∈ G(X0), then the
relations cU = gγU (xδU ) and x0 ∈ U and condition (2) in Definition 3.2 imply xα ∈ U . If cU /∈ G(X0), then
gαU (xα) 6= cU , and hence xα ∈ U . Therefore, xα ∈
⋂
U = {x0}, which is the desired contradiction. 
5. G-topologizability of G-acts
In this section we apply the results of the preceding sections to prove the following theorem, which is our
main result.
Theorem 5.1. Let X be a G-act over a monoid G such that |G| ≤ ψ(x0, ζG) for some point x0 ∈ X. Then,
for every infinite cardinal κ satisfying |G| ≤ κ ≤ ψ(x0, ζG) and every infinite cardinal λ ≤ cf(κ), the G-act X
admits 22
κ
hereditarily normal G-topologies with pseudocharacter λ at the point x0.
Proof. By Proposition 4.1, the space X contains a discriminate sequence X0 = {xα}α<κ. Let ϕ0 be the filter
on X generated by the sets {x0} ∪ {xβ : β > α}, where α < κ, and let ↑ϕ0 denote the set of all filters ϕ on X
which contain the filter ϕ0 and satisfy the condition ∩ϕ = {x0}.
Claim 5.2. For any infinite cardinal λ ≤ cf(κ), the set Fλ = {ϕ ∈ ↑ϕ0 : ψ(ϕ) = λ} has cardinality |Fλ| = 22
κ
.
Proof. First, observe that the family of all filters on the set X0 has cardinality ≤ 22
κ
. Thus, |Fλ| ≤ 22
κ
. To
prove the reverse inequality, we consider two cases.
Case 1 : λ = cf(κ). Let us represent the set X0 as the disjoint union X0 = X
′
0 ∪X
′′
0 of two sets of cardinality
|X ′0| = |X
′′
0 | = κ such that x0 ∈ X
′
0. On the set X
′
0 consider the filter ϕ0|X
′
0 = {F ∩ X
′
0 : F ∈ ϕ0}.
Posp´ıˇsil’s Theorem [24] (see also [14]) implies that the family U0 of all ultrafilters on X ′′0 which contain the filter
ϕ0|X ′′0 = {F ∩X
′′
0 : F ∈ ϕ0} has cardinality 2
2κ . For any ultrafilter u ∈ U0, consider the filter ϕu = {A ⊂ X :
A ∩X ′′0 ∈ u, A ∩X
′
0 ∈ ϕ0|X
′
0} and note that ψ(ϕu) = ψ(ϕ0|X
′
0) = cf(κ). For distinct ultrafilters u, v ∈ U0, the
filters ϕu and ϕv are distinct; therefore, |Fcf(κ)| ≥ 2
2κ .
Case 2 : λ < cf(κ). In this case the ordinal κ can be identified with the product κ × λ endowed with
the lexicographic order, in which (α, β) < (α, β′) if and only if either α < α′ or α = α′ and β < β′. Let
ξ : κ× λ→ κ be the order isomorphism. Consider the filter ϕλ of cofinite subsets on the cardinal λ. This filter
has pseudocharacter ψ(ϕλ) = λ. As shown in Case 1, the family Fcf(κ) has cardinality 2
2κ . Given any filter
u ∈ Fcf(κ), consider the filter ϕu on X generated by the sets
ΦU,L = {x0} ∪ {xξ(α,β) : xα ∈ U, β ∈ L} where U ∈ u, L ∈ ϕλ.
It can be shown that ψ(ϕu) = ψ(ϕλ) = λ and the filters ϕu and ϕv are distinct for any distinct filters
u, v ∈ Fcf(κ). Consequently, |Fλ| ≥ |Fcf(κ)| ≥ 2
2κ . 
According to Theorem 3.4, for any filter ϕ ∈ Fλ, the G-topology τϕ on X is hereditarily normal and has
pseudocharacter ψ(x0, τϕ) = ψ(ϕ) = λ at x0. Theorem 3.4(3) implies that distinct filters u, v ∈ Fλ determine
distinct topologies τu and τv. Therefore, X admits at least |Fλ| = 22
κ
hereditarily normal G-topologies with
pseudocharacter λ at x0. 
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Remark 5.3. Example 2.7 shows that the condition |G| ≤ κ ≤ ψ(x0, ζG) in Theorem 5.1 is sufficient but not
necessary for normal G-topologizability: the group G = Hκ is normally Gs-topologizable but ψ(x0, ζGs) = κ <
2κ = |Gs| for any point x0. On the other hand, this condition is necessary for the existence of a Hausdorff
G-topology with pseudocharacter |G| (indeed, it follows directly from Proposition 2.2 that ψ(x0, ζGs) ≥ ψ(x0, τ)
for any Hausdorff G-topology τ on X). Thus, for acts over monoids of regular cardinality, Theorem 5.1 has the
following corollary: Let X be a G-act over a monoid G of regular cardinality κ = |G|, and let x0 ∈ X. Then
ψ(x0, ζG) = κ if and only if X admits a Hausdorff G-topology τ with ψ(x0, τ) = κ.
Remark 5.4. For each of the S-acts G over S ∈ {Gl, Gr, Gs, Gq, G[s], G[q], G
+
p , Gp} ∪ {Gm : m ∈ Z} defined
in Section 2 and any infinite cardinals λ and κ, λ ≤ cf(κ), the condition |G| ≤ κ ≤ ψ(x0, ζS) for some point
x0 ∈ X implies the existence of 22
κ
hereditarily normal S-topologies with pseudocharacter λ at the point
x0. In particular, any group G admits 2
2|G| hereditarily normal left-invariant and 22
|G|
hereditarily normal
right-invariant topologies.
In the case of countable monoids G, Theorem 5.1 implies the following characterization of G-topologizability,
which solves Problem 1.2 in this case.
Theorem 5.5. For a countable monoid G and a G-act X, the following conditions are equivalent:
(1) X admits a non-discrete Hausdorff G-topology;
(2) X admits a non-discrete metrizable G-topology;
(3) the Zariski G-topology ζG on X is non-discrete;
(4) X admits 2c non-discrete hereditarily normal G-topologies.
Proof. The equivalence (1) ⇔ (3) ⇔ (4) follows from Theorems 3.4 and 5.1. The implication (2) ⇒ (1) is
trivial. It remains to prove that (3)⇒ (2). If the Zariski G-topology ζG on X is non-discrete, then some point
x0 ∈ X has infinite pseudocharacter ψ(x0, ζG). By Proposition 4.1, the G-act contains a discriminate sequence
(xn)n<ω. Let ϕ be the discriminate filter on X generated by the base consisting of the sets {x0}∪{xm : m ≥ n},
n ∈ ω, and let τϕ = {U ⊂ X : ∀g ∈ G g−1(U) ∈ ϕ} be the G-topology on X generated by the filter ϕ. By
Theorem 3.4(2), the orbit G(X0) of the set X0 = {xn}n<ω is open in (X, τϕ), and its complement X \ G(X0)
is an open discrete subspace of X .
By Theorem 3.4(1,4), the topology τϕ is non-discrete and hereditary normal, which implies that the open
subspace G(X0) is Tychonoff. Therefore, given any distinct points x, y ∈ G(X0), we can find a continuous
function fx,y : G(X0)→ [0, 1] such that fx,y(x) = 0 and fx,y(y) = 1. Since the monoid G is countable, so is the
function family
F = {fx,y ◦ g : g ∈ G, x, y ∈ G(X0), x 6= y}.
Choose any enumeration F = {fn}n∈ω of the family F and consider the continuous metric d on G(X0) defined
by
d(x, y) = max
n∈ω
1
2n
∣∣fn(x) − fn(y)
∣∣.
We extend the metric d to the whole space X by setting d(x, x) = 0 for any x ∈ X and d(x, y) = 1 for any pair
(x, y) ∈ X2 \G(X0)2 with x 6= y. Since X \G(X0) is an open-and-closed discrete subspace of X , the metric d
thus extended remains continuous. It can be shown that each function g ∈ G ⊂ XX is continuous with respect
to the metric d; hence the topology τd on X generated by the metric d is a G-topology, which is contained in
the G-topology τϕ and therefore not discrete. Thus, τd is the required non-discrete metrizable G-topology on
X . 
Note that Theorem 5.5 applies also to finite monoids G. Indeed, it is easy to reduce the finite case to the
infinitely countable one by considering the direct product G × S of a given finite monoid G and any infinite
countable monoid S acting trivially on X . Clearly, for the product action of G × S, we have ζG = ζG×S , and
any G-topology on X is a (G× S)-topology.
We do not know whether this theorem remains valid for arbitrary G-acts.
Problem 5.6. Let G be an uncountable monoid (group), and let X be a G-act for which the Zariski G-topology
ζG is non-discrete. Is it true that X is G-topologizable?
In solving this problem, results of [13] may be useful.
The general Problem 5.6 is also interesting in special cases, for example, where X is a (semi)group, the action
is assumed to satisfy additional conditions (e.g., be transitive, faithful, or free), or the orbit space has certain
properties (e.g., is countable).
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